cases for which the tube is either rigid or "infinitely flexible" (i.e., the tube is absent and the fluid column has a free boundary), respectively, are examined first. Attention is then devoted to waves with very small frequencies when only two modes are found to exist. The nature of the modes and their dependence on the physical parameters of the system are investigated.
Finally, the general case of fluid in an elastic shell is studied for a wide range of frequency. In dimensionless form the velocity-frequency relation depends on the four dimensionless parameters h/a, the ratio of shell wall-thickness to shell radius; p/m, the ratio of fluid density to solid density; cs/q,, the ratio of the sound speed in the fluid to the speed of longitudinal waves in an infinite elastic solid, and the Poisson's ratio v. It is seen that all modes except two are intermediate between the limiting cases of a rigid tube and an infinitely flexible tube over most or all of the frequency range. Over the remainder of the range (if it exists) each mode resembles an empty tube mode. All these modes have minimum cut-off frequencies. The two exceptional modes are the two which exist at all frequencies and they may be considered to correspond to the 1st empty tube mode and the longitudinal sound wave propagating through fluid in a rigid tube with uniform velocity over each cross section. This "correspondence" is not one-to-one, the motions of the Dispersion curves are computed and plotted for one set of values of the dimensionless parameters corresponding to water contained in a brass tube. Curves for two other sets of values are drawn; these are not computed, however, their shape being predicted approximately on the basis of their correspondence to the dispersion curves for the limiting cases.
Work on certain aspects of this problem has been carried on by a number of investigators 2-a usually for relatively low frequencies, or with attention directed toward the lowest mode only, or without allowing for the influence of Poisson's ratio. A recent study by Thomson 7 extends to high frequencies, but differs from the present one in two respects which are discussed in detail later on. The first difference arises in the formulation of the equations of motion for the tube, particularly the inclusion in the present paper of transverse shear and rotatory inertia, the former being of importance at high frequencies. The second difference concerns the results of the analyses, those obtained here differing from those of Thomson for all values of the phase velocity greater than approximately 2½z in the example for which computations are carried out. This difference will be seen to arise primarily from Thomson's erroneous conclusion that only one mode exists at very small frequendes. An investigation by Biot a of the propagation of waves in a cylindrical bore through an elastic material of infinite extent filled with fluid affords an interesting comparison with the present analysis.
FLUID MOTIOH
Consider a circular tube filled with compressible, inviscid fluid. Let z, r, and 0 be the cyhndrical coordinates with the x axis along the axis of the tube.
The thickness h of the tube wall is assumed to be small compared with the mean wall radius a. For axially symmetric vibrations the pressure p in the fluid is independent of 0 and satisfies the wave equation on the fluid motion and will be discussed in the next section.
BOUNDARY CONDITIONS
Before discussing the boundary conditions which must be applied to the motion of the fluid in an elastic tube, it is useful to consider two extreme cases. One is that of a rigid tube and the other is that of an infinitely flexible tube, i.e., a cylinder of fluid with a free surface. The results for these simple cases will serve as a guide for the more complicated case of an elastic tube.
So far as the fluid is concerned, a measure of the rigidity of the tube wall is supplied by the ratio p/w at the inner surface of the wall, or, for small disturbances (within linear theory) and for small h/a, at the surface r= a. the free boundary mode, then, in the combined system, the tube is relatively stiff and the influence of increased stiffness when the fluid column is surrounded by a tube outweighs that of increased inertia, so that the resulting frequency is greater than that of the free boundary mode, but less than that of the empty tube. The contrary argument holds when the situation is reversed. Since in the present numerical example (Fig. 5) If -/is such that m free boundary cut-off frequencies are less than one, m>_0, then the coupled system will also have ra cut-off frequencies whose magnitude is less than one. Vibrations whose frequency lies close to occurs. The significance of the intersection points is that at each of these points a free boundary mode and the 2nd empty tube mode happen to have the same frequency and velocity. Since each of these motions is entirely independent of the other, p(a) being zero for both, the combined motion is a simple superposition of two independent motions having the same amplitude of w(a). Equation (3.18) shows that intersections of the dispersion curves with those of the rigid tube modes, for which the right side of Eq. (3.18) becomes infinite, must occur when ½*= 1. These intersections exist for all n>_2 (Fig. 5) . Now c*=l represents a motion consisting of purely longitudinal oscillations of the tube, the proper pressure being applied at r = a to avoid all hoop strain. Hence, at their intersection points, the rigid tube dispersion curves and the line c*--1 represent waves which have the same frequency and velocity and which involve no radial motion at r= a.
CASE OF LOW FREQUENCIES

It is of interest to study the vibrations when
The two motions can therefore be superposed by selecting a common value of p(a).
For c*<l, each dispersion curve lies to the right of a rigid tube curve until it reaches the frequency at which the free boundary curve on its right intersects the 1st mode curve for the empty tube. This intersection was previously mentioned in discussing the 1st mode and it takes place for this mode provided At the intersection point the two independent motions can be superposed by selecting a common amplitude of w(a), to give a combined motion. These intersections appear in Fig. 6 . Beyond the intersection all curves n>_ 1 approach ½*=qr. It should be borne in mind that in view of the approximate nature of the theory (thin shell formulation and no viscosity) the results may not be valid at these high frequencies.
It is seen from While computations have been carried out only for one set of values of the parameters, (Fig. 5) , the approximate shape of the velocity-frequency curves for other values can easily be predicted by means of the approximate formulae derived in gees. 4 and 5 and by the reasoning exposed in this section. When the 'tube is elastic, it is seen from Figs. 5 to 7, that ka varies within a finite range for each mode; hence the shape of the radial distribution curves changes with frequency.
SUMMARY
There exists an infinite discrete set of modes. Two of these, the 0 and 1st modes, exist at all frequencies, the 0 mode having a phase velocity less than the speed of sound in the fluid (•), the 1st mode having a phase velocity greater than, or less than, the speed of sound in the fluid, accordingly as the latter is less than, or greater than, the speed of longitudinal waves in an infinite elastic medium consisting of the tube material (c•).
Each of the higher modes has associated with it a cut-off frequency below which the mode does not exist. The motion at each of the cut-off frequencies is a purely radial vibration independent of position along the tube, (waves having infinite length and velocity). The dispersion curves tend to follow those pertaining either to the fluid-rigid tube system or to the empty tube system.
The curves for the 2nd and higher modes tend to exhibit a very large change in the frequency for a very small change in the velocity in the neighborhood of c•. The shape of the curves and the significance of the waves they represent depend on the magnitudes of •/•, pa/pLk, k/a and v.
The influence of rotatory inertia is unimportant even at high frequencies; that of transverse shear is of importance only for the 0 mode where it tends to reduce the phase velocity.
